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Jlucku.
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PaccmarpuBaeM IHMCKH, CHMMETPUYHBIC OTHOCUTEIBHO IJIOCKON CPEIUHHOM
noBepxHocTH (puc. XV.1.).
Tonmua mucka h m ero temmeparypa t sBisOTCS (DYHKIMSIMH TOJBKO

paauaabHON KOOPAUHATHI I Y AenbHas HEHTPOOeKHAs CHUIIa

5 H
q = p - r _3
M
rac
L - INIOTHOCTb MaTcpuralia, KF/M3 ;
® - YIJI0Basg CKOPOCTHh BpallCHUA JHCKA, paI[/C.

TaKXKC SABJIACTCS (bYHKI_II/IGI\/'I paHHaJIBHOﬁ KOOPpAHWHATEI.

Hanpspk€HHOE cOCTOSIHME MaTepHaia JHUCKa INIOCKOE (ABYXOCHOE), IPUUEM
o0a HampspKeHUs (M paAualibHOE Oy U OKPY)KHOE Ot) TOXKE SIBISIOTCA (PYHKIUSAMU

OIIHOﬁ TOJIBKO paIIHaHBHOﬁ KOOPJAWUHATHI I (HO IMPUYINUHC BCCTO, CKA3aHHOI'O BI)IHIG).

t o
o B %Jt
N
QT TpT;M — M!g 4; r -0
| y | y
KpeUIbYaTKa : Kogieco MaxoBuk:
Ty POMHEL
h=h(r) h=h(r) h=h(r)

Puc. XV.1.

[To Hapy’HOW MOBEPXHOCTH TUCKU OBIBAIOT HATPYXKEHBI IaBJIEHUEM [, , OT

paboyunXx JIONATOK TypOUHBI U Y3JI0B UX KPEIUICHUS.

[lo BHyTpeHHEW MOBEPXHOCTH AMCKA C LEHTpPaJbHBIM OTBepcTHEM (Oyne
TAKOBOE) JEHCTBYET KOHTAaKTHOE JaBlieHUE [, OT MOCAAKU JAMCKAa Ha Bal C

HaTsTroOM.



OCHOBHBIE COOTHOINIECHMUSA

[lox neiictBueM HarpeBa W jJaBieHudl P, U P, U CHWI HHEPLUUU JIUCK

OCCCUMMCTPHUYIHO ,He(bOpMI/IpyeTCH. PaI[I/IaJILHI)IMI/I IIJTIOCKOCTAMHU u

MUJIMHAPUYICCKUMU ITOBCPXHOCTAMHU BBIACIINM OECKOHEYHO MaJIbIi DJIEMEHT JUCKa:

lMocne depopmayuu

/Jlo depopmayuu

Puc. XV.2.

Jedopmarius 35ieMeHTa B paguaibHOM HallpaBICHUU:

_AB'—AB _[dr+(u+du)-u]-dr du

gr
AB dr dr

Jedopmarius 21eMEeHTa B OKPY>KHOM HaIlpaBIICHUU:

. AD'-AD [r+u]-dp-r-dp u
' AD r-de r

O6e medopmanmm 3aBucAT OT pamuanbHoro nepememenus U. Mckmrouas U

U3 YpaBHEHUH, TOTYUHM:

d(g-r)
dr

— &, =0 ypaBHenmne coBMecTHOCTHM Redopmaumut  (XV.1)



Takum >xe 00pa3oM BBIJEIUM OECKOHEYHO MAaiblii BJEMEHT U3 YXKe

nebopmupoBanHoro aucka (h — TosmuHa aucka):

de
2

o,-h-r-dcp+d(a,-h-r-dcp)x%
;

LlenmpobexcHas cuna:

06bém
anemeHma

Q=q-dV=q-h-r-de-dr

Puc. XV2 ydE‘/lb/HGﬂ

ueHmpobexHas
cuna, H/m®

[Tpoekius Bcex CUJl Ha HallpaBJICHHE paJinyca:

const

EFr=O=—/a,/-h/r-/d6+M+% o -h rdel|-dr—
ry f(r

At

t(r) f(r)

—2-at-h-dr-sind7(p+q-h-r-dgo-dr

[ —
4o
2

w-di(ar-h-r)—at-h-HT\dQ+q-h-r- r=

r

%(O} ‘r-h)—o,-h+q-r-h=0  ypasnenme pasmosecmz  (XV.2)



Urak, pa3zpemaroiiye ypaBHEHUsI BPAIIAIONIUXCS HEPABHOMEPHO HArPETHIX

JHUCKOB:
rM_gr ~0
dr
] ] (XV.3)
&(ar-r-h)—at-hqu-r-h:O

\

OgHo W3 »H3THX YypaBHEHMH 3amucaHo B JAepopMauusax, JApyroe B

HanpsbkeHusix. HeynoOHo.
Jlns mepecu€ra mepBoro ypaBHeHHs cucteMbl (XV.3) B HampspkeHUs

UCIOJIb3yeM 000OIIEHHBIN 3aK0oH ['yKa JI71s1 M30TPOIHOTO MaTepHaa:

rIe
&° - ynpyras nedopmars;

t t t
E =& =& =a-al - remneparypnas nedopmarusl.

[Tony4unm pazpemaronyo CHCTEMY YPAaBHEHUN B HAIIPSIKEHUSAX:

d[1 1+ ‘
r.a[g.(q—v Ur)j|+ v (o,—0,)+r d—izO
; ] (XV.4)
(o, rh)=-h pratrh=0




JAUCKHM MOCTOAHHOMW TOJUMHBI

[Ipu
h=const
E=const
v=const

cucrema (XV.4) mpuHUMaeT BU:

d de'
r-a(at—V-Gr)+(1+v)-(0't—0'r)+E-r-d—i:O
) ] (XV.5)
\a(ar-r)—cfter-a)z-rz:O

[Iyrém mnonacrtaHoBOK W uHTerpupoBaHus (AramoB, [aBpromwuH U Jp.
«CTpouTenbHas MEXaHWKa aBTOMOOWIISL U TpakTopa», cTp. 182-183) u3 cucremsl
(XV.5) moxHO BBIBeCTH (HOPMYJIBI ISl PAIHAIBHOTO U OKPY)KHOTO HAMPSKCHUN B

JUCKax MOCTOSIHHOM TOJIIIMHBI:

B 3+v , o, E t_
o, (r)=A-—=-— r’——-|f-&-df
r? 8 r? ;[
B 1+3 E | (XV-6)
Ut(r):A'FF— * V'p 0)2'r2+F IF gt df‘—E gt
r6

rac

A, B — KoHCTaHTBI MHTETPUPOBAHUS, onpeaensieMbie u3 ['Y.



Ilpumep XV.1

8

Crutonrsou

Gr O-t// IK6
/f S et BPAIIAIONIMIACS  JIMCK
% 2.(1+ 2. v) HE HarpeT Win Harpert
% T'Umax .
- % Y pasaomepHo (& =0).
% L4 ARO.
% / y h, I, I,=0,E, v, p, ®
7 31V e 1 = e Hatimu;
% h = const 8
_’% — O't:'?
y O-r:?
Puc. XV.3. Pewenue
Hcnonb3yem cucremy ypaBHeHwuit (XV.6):
B 3+v s o - "
o (r=A-——- 0 - — dr
r( ) r2 8 ’O r2 ¢
<
B 1+3-v 5
O, (I‘) =A ? — 3
I.y.
B 3+v B 1+3-v
r=0: o,=0, => A-—- TP = A+ — — PO
1) I’ ) t I,2 8 /0 r2 8 p
('l)l.\»l.\}(’rln)[?llll
3+v 1+3-v
A-r’—B- p-& r'=Ar>+B- p-@ -rir=0
8 8
—-B=B
B=0
3+v 3+v
2)r=r,: o0,=0 = O:A—%— 5 pra’ Tt = A= prw’ T’
rH
3+v
A= P’ ‘



[Tpu Takux A u B popMybl 11 HanpsoKeHUN TPUMYT BU/:

e

e T R VR EN ()

2 r2=3+vpa)2(r2_l+svr2j
" 3+v

3+v 1+3-v
t(r)= 8 pa)Zer_Tpa) . 8

3aBUCUMOCTH KBaJipaTUUHbIC (1TapadoJibl). 3HAUEHUS B LICHTPE Kpyra:

_3+v

8 .p.a)z.erzo-maX

0,(0)=0,(0)

3Ha4YCHUS HA KPaKo JUCKA:

O-t(rH)Z,Oa)ZrH2(3_|8-V_1+:V)=2_82V 2. H2

INIOPbL CM. CNPABA OM PUCYHKA OUCKA

NuTEepecHo, 4TO HU OT TOJIIMHBI JTUCKA h vx or MOJIyJISl YHPYrOCTH

MaTtcpuaia E HAIIPSKCHUA B TAKOM IUCKC HC 3aBUCAIT.

KacarenbHbIx HaprDKeHI/Iﬁ B paJHuaJIbHBIX CCUCHUAX JHUCKAa HCT B CHUITY

CUMMETpHUH. 3HAUYUT HAMNPSOKCHUSI Oy, Ot, O; — TJIaBHBbIC HANPSDKCHUS B JIIOOOH

Touke aucka. [Ipuuém 0; =0 - muockoe HaNps>KEHHOE COCTOSHUE.



DKBUBAJICHTHOE HaNpspKEeHHeE 1o Teopuu Mopa:

Geke:(j]_k.?j’/:(yl

rIe

k = Orp
Orc

Hanpsixenue 01 — Hanbonbliee (¢ yd€ToM 3HaKa) HanpsLKeHWe U3 Oy, Ot U

O . 3HA4UT:

o,,=max( o,, o,)

9K6

Omopa O

JK6

CTPOUTCA TaK: HAKJIAABIBAIOTCA APYI' HA Apyra 3IIOPBI H H

oOBogTCS 10 orubaromeii. B mannomM mpumepe YVr: O, =2 O, , 3HaYHT



XV .2

Ilpumep

o o t
CILTOIIHOM BpaIIarOMIMICS JUCK He HATPET Mii HarpeT pasHoMepro (& =0):

()_ O_//GSKS
. _ r+ _t+
;‘f a\Bij
/%/ = 2
S
© I S 3+v
— IIﬁ
| =
!
%7
»Z h = const
7

B 3+v
o (r)=A——-— o1t — = [B<g - dF
I’( ) r2 8 p r2 ¢
<
B 1+3-v )
olr)=A+——- :
t( ) r2 8
I.y.:
1) r=r,.: O'r=0=A—EZ—3+V°,O'0)2'r62 =
r 8
B 3+v 5 o
r=r: o =0=A-——-— : T
2) H r rH2 8 H
O:Ez 3+v 2.r:_Ez_3+v
r 8 r 8

Puc. XV.4.

.p.a)

l§

max

T

8



L—T. 3+v 2 (2
B = 0.0 - (T
r2.r? g ’
B:3+V-p-a)2-r62 r? ‘
8
A:E2 Stv p- o’ r62:3+v ,o-a)z-l’f+—3Jr P’ 1’
r 8 8
3+v

A= 3 -p-a)z-(rH2+r82) ‘

[Tpu Takux A u B hopmynsl 17151 HAaNpsHKEHUN NPUMYT BU:

r? 8
3+V 2 2 2 3+V 2 r2'r2 3+V 2 2
= o -\r +r)— -0 6 B _ oW r
5P (r?+r?) TP TP
3+V 2 2 2 r2' 2 2
= O B e
8 P [ ¢ r?
B 1 .
3+V 2 2 2 2 I’Z-I'Z 1+3V 2
= o\ ) —— Q) = — P
P (r?+r17) p > P
2 2
:3+v 00’ I_H2+r62+r6 er _1+3 Vo2
8 r 3+v

3aBHCHMOCTH KBaipaTHYHbIE (11apaboiie) — mepeMeHHas I Bo BTOpoii cTemneHy.



3HaueHMs HAPSOKEHUH HA BHYTPEHHEM Kpae JIMcKa:

8 " 3+v
3+v 1- -
= p ’ a)z rl[2 + ’ r()’z :A max
8 3+v '

3HaYCHUS HANPSHKEHU HA BHEITHEM Kpae IUCKa:

3+v N LA A
O'r(I’H)Z o B o e e S
8 r
3+v r>.r> 1+3-vy
Gt(rH): P rH2+r62+ - -rH2 =
8 r 3+v
Dniopa HanpsLKEeHWM Oy HauMHAETCS M 3aKaH4YMBaeTcs HynéM — mnapadona,

BEPIIMHY KOTOPOM MOYXHO HAUTH, TPUPABHSB HYJIIO MPOU3BOIHYIO:

3

2 2
do;:O:3+v1ywy{zngni_2¢}

dr 8 r

2 2

r2.r

8 H _
=-—r=0

"

4 2 2

r*=r’.r

r=r’-r’ 2r :
- ¢ Wy — 1 _KOOPOMHama 3KcmpeMyMa,



3HaueHue SIMIOPEI B TOYKEC OKCTPpEMYMaA.!

o(1)=0, (T )-

3+v >l o re-r
= 8 pa) . rH +re _8—’1’2_(
(Vi)
3+V 2 2 2 rg\&r}
= P - rF+r - —r-r,
8 ™
L H
3+V 2 [




1) Ipu cTpemiieHrH BHYTpeHHEro pamuyca aucka k mymo [, — 0 (puc. XV.5.),

Puc. XVI1.5.

~

MAaKCHUMAJIBHOC HAIIPAKCHUC O B

max
LOCHTPC JUCKa CTPCMUTCA K

BCINYHUHC

3+v

-~ 2 2
limo,, = P

I, —0
YTO B JIBa pasza OoJibliie, 4eM O max -
MaKCHMajbHOC  HamNpsOKEHUE B
HEHTPE CHIowHo20 JHucka (CM.
Ilpumep XV.1l). 3uaunr, naxe
HEOOJIBIIIOE OTBEPCTHE B IEHTPE

AUCKa ABJIAACTCA KOHIOCHTPATOPOM

HaMpsHKeHUH ¢ K03PPUITMEHTOM KOHIIEHTPAIIMH PABHBIM 2.

2) Ilpu cTpemiieHMHM HaApYKHOTO M BHYTPEHHErO0 pPaJUyCOB AUCKAa K OJHOMY

Puc. XV1.6.

snadyenuto (puc. XV.6.)
Fc—Fr
r,—r

TO €CTb, BBIPOKIACTCA B TOHKOE

KOJIBITO, HAIIPSKCHUA CTPEMATCSA

o, —0

o, pa-r




Ilpumep XV.3

h = const E'Of'(tz—tl)
Puc. XV.T. 2

z MR-

I[I/ICK MOCTOSIHHOM TOJIIIHUHBI He BPalllacTCAa, HAIrpC€T PaBHOMCPHO.

tz _tl

Hano: h, r, r,=0E, v, t=1 4+ .r? (puc. XV.7), a=const(t), »=0;

,
O'r(r):A—EZ— 3TV e 1 —Ez-jf-gt dr
< r rs
r
o (r)=A r—E;— 143V v Jrr—E2 If-gt-df—E g'
0

~ t ~
KacarenbHo TemmeparypHoil Jnedopmanuu & :  paBHOMEPHBI  Harpes
HaIPSHDKEHUI HE BBI3BIBAET, U3 AIIOPBI TEMIIEPATYPhl €r0 HA/I0 BBIAEIUTh, OCTABUB

TONBKO €& repeMennyio yacTh Al

t, -t
at=t—t, =2=2-1" - 5mopa 4t npusexena na puc. XV.7.




TOTJIa claraeéMoe ¢ MHTerpajioM B popMyiax:

E . v E . -t ., . Ea(t,-t)t.,
— |- (F)di == |F-a- 2527 .dF = L. |re.dr
r2 _([ ( ) r2 _(!. rHZ r2.rh!2 '([
_Ea(t,-t) r* Eea(t,-t)r
o ortr? 4 4.r?
Y CUCTEMA YPABHEHUN ITPUMET BUJT
B E-a-(t,—-t)-r’
:A———
4 O-r(r) r2 4rH2
B 3-E-a-(t,-t)r’
O't(r):A+r—2+ 4(.'22 1)
I.y.
) r=0: o,=0, =
3 YCilosusl |
cummempuu
J— 2 . . . —_ . 2
A_EZ_E a-(t, 2t1) r =A+Ez+3 E-a (t22 t)-r
r 4.1 r 4.1
a2 g E a.(tz—ztl) 4:A.r2+B+3.E.a.(t22—tl).r4
4.r: 4.r
-B=B
B=0
E-a-(t,-t,)r’
2) r=r, a,:ozA—%— gfrﬂz’)




,(0)=0 (0)= =
Ha Hapy’XHOM Kpae JUCKa:
o,(r)=
o (r)= - HAPYJICHBILL CNIOLL OUCKA HAZPem CUTbHee

OCMANbHBIX,  pacuupuics 0w, HO
OCMANbHOU OUCK e20 yoepaicusaem om
pacuuperus — corcumaen.
DKBUBAJCHTHOE HAMPSKCHHUE BBIYKMCIIAEM 110 Teopur Mopa:
o,.=0—-K o,

K8

Dmnropa SKBUBAJICHTHOTO HANPsKEHUsI TToKazaHa Ha puc. XV.7.



AMCK _pPaBHOIrO CONPOTHUBJICHUSA

CIuTomHbIE JUCKH TMOCTOSHHOM TOJIIMHBI HAYMHAKOT pa3pyluaTbCs C
CepeauHbl, B TO BpeMs, KaK IO Kpalm y HUX MMeeTcs eml€ JTOCTATOYHBIM 3amac
npouHoctu. Hanuuo HeagdexktuBHOE pacxogoBaHUe MaTepuana.

[TompoOyem CKOHCTPYHUPOBATh KOJIECO TYPOUHBI, TAKOTO MPOdUIs, 4TOOBI:

1) 0, =CONSt IO BCceMy IHCKY;

2) Oy=0t 10 BCEMY IHMCKY, MOXXHO JOKa3aTb, 4TO IIPU 3TOM Macca AUCKa

OyAeT MUHUMalbHAa M, KpPOME€ TOrO, 3TO YCJOBHME YIPOILAET

MAaTCMaTH4YCCKHUC BBIKJIAAKH.

TO €CTh, 110 BCEMY AUCKY JOJDKHO BBINOJHATHCS YCJIOBUE:
O=0t—0()=CONnst - guckx pPaBHOI'O CONPOTHUBJIEHUS (a)
Jluck Harpetr paBHOMEPHO:

8t=0=const, E=const, v=const (6)

HWcnonb3yem paspelaroiiie ypaBHeHHs Teoprr pacuéra auckos (XV.4):

dl1 1+v de'
r-— —-(Gt—v-Gr) + -(Gt—Gr)—H’-—: — ypasHeHue
dr_E E dr COBMECMHOCMU
< o
deghopmayuii
a((fr -r- h) —o,-h+p- o -r*-h=0 - ypaeneHue pasHo8ecus

C Y4ETOM yCIOBHH (a) u (6):




r—+p-0 -r-h=0
o, i Yo ¥

2
dh=—2"% A N ar

.

dh  p-@®-r
m =————-dr — 1.¥. womumesr h gmcra (XV.7)
Op
PABHOI'O CONPOTHUBIIEHHS.

OO6mwmit uarerpan qudpepeHnnanbHOT0 ypaBHEHHUS:

2 .2
Cw T
Inh=-"%" .¢c (XV.8)
20,
Onna koHcTadTa — ojHo .Y, : r=0: h=h = C=Inh

3a0a0UMCcst
MOYUHOU OUCKA
Ha OcuU 8pawyeHus.

[Tpu Takom 3HaueHUU KOHCTaHTHI C:

2 2
Inh=Inh - 22T
2-0,



_pw*r?

I— = 2'00
h@
_pw*r?
h= h@ e %% — YpaBHeHMe TOJILMHEI LOHUCKA PAaBHOI'O
CONnpPOTHUBIIEHNUST (XV.9)

sneck Ng 1 00— Hanepé 3aaHabIe BeIMIuHbI (puc. XV.8.):
h, — Tonmuna gucka Ha ocu BpallICHUS;

00 — DKBUBAJIEHTHOE (TI0 SHEPT€TUYECKON TEOPUHN) HAIIPSDKEHUE B MaTepHalie AUCKa.

pHZO-O
s

Puc. XV.8.

h(i‘

TonmuHa Hapy>)KHOTO Kpasi JUCKa:

_potr?

hH:h(rH):hg.e 2~O'O

J1aOb1 COOJIIOCTH YCIIOBHE (@) 1O YacTh Oy , HAa HAPY>KHOM Kpae 00513aTeJIbHO

JIOJTHO OBITH IPHIIOKEHO JaBJICHUE:

pH :G()



Teopetmueckn MOXHO paccuutate Tommuny N(r) amcka paBHOrO

COIIPOTHBIICHUS C OTBEpCTHEM B IieHTpe (puc. XV.9.).

h,
pHZO-O

it

= fh)\

Puc. XV.9.

h()’
Hcnonp3yem 1Y (XV.8)
2 2
nh=-£22"T ,c
2-0,
uly
r=r: h=h
[Tosyunm:
2

Opnako, nist coOJr0/IeHUsl YCIOBHS (a) HA BHYTPEHHEM Kpae JI0JKHO ObITh

IPHUIIOKEHO JaBiacHue 608Hympsb (cM. puc. XV.9 , puc. XV.1)

pe - _O-O

OO0ecrieunTh TaKoe YCJIOBHUC Ha NIPAKTUKE HCBO3MOKHO.



