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l'eomempuueckue
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pueynp.

Ucnons3yembie B  Kypce «CONpOTHUBICHUE MaTEpPUATIOB» TIeOMETPUUYECKHUE
XapaKTEPUCTUKHU TOTIEPEYHBIX CEUCHUN CTEPKHEH BBIYUCIISIIOTCS TI0 TeM e (GopMyIiam,
YTO Y MHEPIUATbHBIE TapaMeTPhl TOHKUX TUIACTUHOK €IMHUYHOMN TIIOTHOCTH ( 1 Kr/M? ).

[TosTOMYy HOBBIX Ha3BaHUI UM MPUIYMBIBATh HE CTAJIN:

— LIGHTP TSKECTH;
— CTaTMYECKHUM MOMEHT;

— MOMCHT MHCPIIUU.



NepeuyeHb reoMmeTpUYECKUX XAPAKTEPUCTUK

[TycTh Ha TUIOCKOCTH HMMEETCS HEKOTOopas reoMerpuueckas ¢urypa @ u

HEKoTopas cuctema koopauHat OXY:

Y

BJeMeHTapHad
omaakKa
nJjouaabio Puc. IV.1

dA

C — genrp TsaxecTH
¢burypsl (TO e, 4YTO U

OCHTP TAKCCTU

IUTACTUHKU T10I00HOMI

hopmer);
_ >0
A= jdA — nnomans, [M*];
@
>0
<0
_ . -0
S, = j y-dA _ cTaTuyeckmit MOMeHT oTHocmrempHOo ochu X, [M];
@
>0
<0
_ . =0
Sy _I X-dA _ cTaTuyeckmii MOMeHT oTHocmTeneHo ocu Y,[M’];
@
| =[y*dA _, 4
x =Y — MOMEHT WMHepLHuy OTHOCHTenbHo ocyu X,[M ];
D
OceBble MOMEHTHI HWHCPUHHU
_ 2 >0
Iy _I X"-dA _ MOMEHT WMHepLHuy OoTHOCHTensHOo ocu Y, [M'];
D

>0
<0

_ . =0
IXy _j X-y-dA _ LeHTpOoBexHENT MoMeHT nHepuwuwu, [M ];
®

— IIOJISAPHBIY MOMEHT

=[P dA=[(xX*+y?)-dA=1,+1, _ 2
D D

nrepr, [ M ],



dopmyibl 111 ONpeeeHUs] KOOPIUHAT IIEHTpa TSAKECTU BBIBEJCHBI €lé B

KypCe TEOPETUYECKON MEXAHUKH:

wn

X, =— (IV.2)

A
oS
© A

(IV.3)

Kak YKC YKa3bIBaJIOChb B pPa3aciic «KPYUYCHHC», MOMCHTbI HHCPpOUHU -

BCIINYHUHBI aIAUTHUBHBIC:

a) MOMEHT HHEpUUU CIOKHOI (PUTYpBl pABEH CYMM€E MOMEHTOB MHEPLIUU €€

YacTeu:

1=>"1,

0) MomeHT uHepuuu (UTYpbl paBEH MOMEHTY WHEPIUMU €€ HapyKHOTO

KOHTYpa, MUHYC MOMEHTBI MHEPIIUU (UTYP-BBIPE3OB:

VX

r
\_/

— 19 _ 10
Ix_lx Ix

OTH Ke JABa CBOMCTBA TaKXKe npucymu CTaTH4YCCKUM MOMCHTAM.



Buabl KOOPAUWHATHDLIX OCeH

Koopnunataeie ocu OX u OY, B KOTOPBIX PacCCUUTHIBAIOTCS F€OMETPUUYECKHE

XapaKTEePUCTUKH TUIOCKHUX (DUTYp, TIOJIPA3IIEIAIOTCS Ha:

1) IpomszrosarsrHsie: He 001a1al0T HUKAKMMH MPU3HAKaMH. Takux oceit

Y OECKOHEYHOE KOJIUYECTBO.

X

—

2) ILlenTpansHsie: Ha4ajlo KOOPIUHAT - B IIEHTpe TshKecTH GUrypsl. Takux
Y .
ocell Takke 0ECKOHEYHOE KOJIMYECTBO.
[Ipu3Hak nieHTpanbHOCTH oceir X u Y
X =0=235,=0" (em.(IV.2))

Y.=0 = S5, =0 (cm. (IV.3))

3) I'marermsre. Kak W3BECTHO, CyMMa OCEBBIX MOMEHTOB WHEPIIUH ITOCTOSTHHA:
I, +1,=1,=const
3HAYUT, 11 KaXKI0W TOUKHM Ha TJIOCKOCTH MMEETCs Takas mapa oceit X
u Y, B xoropoii momentsi |, wm |, miockoii ¢urypsl npuHHMaroT

AKCTpEMajbHble 3HAYCHUS (OAUH MaKCUMaJbHOE, IPYroil MUHUMAJILHOE).
OTHU OCU U HA3bIBAIOTCS 2IA8HLIMU OJ11 COOMBEMCMEYIOWel MOYKU.

| ['maBHbIX ocell 11 QUrypsl
CYIIIECTBYET OEeCKOHEYHOE
KOJIMYECTBO, MO0 Ha IJIOCKOCTU
OECKOHEYHOE KOJIMYECTBO TOYEK.

IIpr3Hak roaBHBIX OCEN:

| Zmin | _5 Mmax

X = max Y= min

Ixy =0 _ 3TO OyJeT JOKa3aHO
MO3KeE.



4) I'naBHBIC IIEHTPAIbHBIC: TJIABHBIC OCH JIJISI TOYKH - IIEHTPA TSHKECTH (DUTYPBHI.

Jnst purypsl CymiecTByeT €IMHCTBEHHAsl Mapa TJIABHBIX LEHTPATbHBIX

ocelt. Mckmouenne — GUrypsl ¢ Tpems 1 0oJiee 0OCIMHU CUMMETPHUH (HUXKE 00

3TOM OyJIEeT moapoOHee).

[Tpusnaku:
/lmin I /max
Nmax YN min
S =0
S, =0
l, =0

Ecnun y (bl/IprBI CCTb OCb CUMMCTpPHUH, TO OHA - I''TaBHAA LICHTPAJIbHAA.



M3meHeHMNE CTATUYECKNX MOMEHTOB

npu napannenbHoOM nNepeHoce ocem

Y 02X2 | lel

OZYZ | | OlYl

W3BecTHEL O X, SYl

X

Hatitu: S Xy SYz

X5

S,,

jyz -dA=_“()’1+b)'d'A‘=I>’1°dA+b-J‘dA=SX1 +b-A
@ o A "

S,, Ixz -dA:J(x1+a)-dA:jx1-dA+a-jdA:Syl+a-A
D D D D

S,, =S, +h-A

X

(IV.5)
S, =S, +a-A

y

a u b croar B HepBOﬁ CTCMEHU. 3HAYUT HMMCIOT 3HAUCHHE MX 3HAKH

(HampaBJieHHE TIEpEeHOCa OCCit)



M3meHeHMEe MOMEHTOB MHepuuu

npu napannenbHoOM nNepeHoce ocem

X

X>

OZXZ ” lel
OZYZ ” OlYl

Mssectisr: | X, I Vi

Hatitu: IXz’ |y2

|, =[y;-dA=[(y,+b) -dA=[(yf +2:-b-y, +b*)-dA=
D

D

Il
S —y
o

e e
_[x2-dA+2-a.
@

le-dA+a2
D

D

D

D

X2

Yo

+2:b-S, +b*-A

X

, +2-a-S +a’-A
1 Y1

3Haku py @ 1 b mo-npexHeMy UMEIOT 3HAUYCHUE.

.dA+2:b-[y,-dA+b’[dA=1, +2:b-S, +b*-A ;
D D

|, = 'x22-dA:J'(x1+a)2-dAz.'(xf+2-a-x1+a2)-dA:

[dA=1, +2:a-S, +a’-A .

(IV.5)



Ecmm ocu X, u Y, — nenrpansusie (1.0, = 1.C), To crarmueckne MOMEHTBI

S,,» Sy, PaBHBI HYJIO 1:

=1, +b*-A

_ 2,
l, =1, +a-A

— meopema lresinepa (IV.6)

Bot 31ech yxe 3Haku nipu a u b He Baxknsl. U3 popmyan (1V.6) cienyer, uato
B CEMEHCTBE TMapauICIbHBIX OCei MUHUMAJIBHBII MOMEHT WHEPIHU TOJIy4aeTCs
oTHocuTenbHo — ueHtpansHoii  ocu  (@=0 wm  b=0). VYnanenue
paccMaTpUBaEMOM OCH OT IICHTPAIBHON YBEJTUYMBACT MOMCHT HHEPIIHH.

Teopema Ilreiinepa misi reoMeTpuveckux QuUryp (TOHKHUX TUIACTHHOK)
ABJISICTCSL AHAJIOTOM TeOpeMbl ['FOMreHca il MAaCCHBHBIX Tell B TeopeTH4yecKou

MCXaHHKC.



M3meHeHMEe MOMEHTOB MHepuUUU

NP NOBOPOTE OCeMM KOOpPAUHAT

U=X-CoSax+Yy-Sinax
v=—X-Sina+Yy-COSx

:Ivz -dAZJ.(—X'SinO!-l- y-cosw)2 -dA=
A A
:I(XZ -sina—2-X-y-sina-cosa +Yy° -cosza)-dAz

:sinza-sz-dA—2-sina-c03a-J'x-y-dA+c052a-J'y2-dA:
A A

=1,-sin"a—1-2-sina-cosa+1,-cos*a ;

. g
sin2a

:_[u2 -dA=_[(x-cosa+y-sina)-dA=
A A

=1,-cos’a+1,-2:-sina-cosa+1, -sin“a ;

sinVZa
J'u v-dA= J' (x-cosa+y-sina)-(—x-sina+y-cosa)-dA=
_[ —X*-sina-Cosa +X-y-CoS° @ —X-y-sin“a +y*-cosa - sma) dA =
A

- - 2 2 -
=l,-cosa-sina—1, -sin“a+1,, -cos"a—1I, -sina-cosa =

2-SIna -CoSa =SIN 2«

| -1,
=1,,-cos(2-a) + L.sin(2-a)

cos® o —sin® a = cos 2«



Takum oOpazom:

u

—_— . 2 — . i . . i 2
l,=1,-cos°a—1,-sin(2-a)+1,-sin“a

|, =1,-cosa+1,-sin(2-a)+1,-sin°a (IV.7)

v

I, -1
l,, =1,,-C0s(2-a)+ X2 ~-sin(2-a)

uv

Haiiném skctpemym dysxiuu |, To ects Haiiném Takoit yron «, mpu

u?

KOTOpOM Iu AOCTUTACT CBOCI'O MAKCHUMYMa WM MUHHUMYMaA:

pr— 2 — . i . . i 2
l,=1,-cos’a—1,-sin(2-a)+Il,-sina

!

(f") =n-frtf’

I;:;““ =2-cosa-(—sina)-1,—2-cos(2-a)-l,, +2-sina-cosa- |, =
(04
=—sin(2-a)-1,-2-cos(2-a)- 1, +sin(2-a)-1,
DKCTpeMyM:
a=a, 1,=0: sin(2-a,)-[I,-1,]|-2-cos(2-a,)-1,,=0
U
sin(2-a,)-| 1, -1, |=2-cos(2-a,)- 1,
U
Tak xkak |, +1 =1, =cONSt, ro |, npu yrne o, Tax xe npumer

SKCTPEMAILHOE 3HAYEHUE: (lu =max, | = min) WK (lu =min, | = max).



Haiinem yron ¢, mpu KOTOPOM LEHTpOOeXKHBIH MOMeHT |, oOpaimaercst B HOMb!

I —1
l,, (@)=0=1,, -cos(2-&)+%-sin(2-d)

DTO TOT € CaMblii yroj, Impu KOTOPOM MOMeHTHl uHepuuu | wu |

u v
MIPUHUMAIOT SKCTpEMaJIbHbIE 3HaYCHHUS |
3Hauut, s TOYKHM () Ha TUIOCKOCTH CYIIECTBYET TOJBKO OJIHA Mapa
KOOPJIMHATHBIX OCEH, OTHOCUTEIBHO KOTOPHIX MOMEHTHI HWHEPIUH (DUTYPHI
MPUHUMAIOT SKCTPEMaJbHbIE 3HAYEHHUS, a IIEHTPOOCSKHBIM MOMEHT 00palliaeTcsi B
HOJIb. DTU OCY HA3bIBAIOTCS I'J1a BHEIMIA.

Ecnu B Touke miaockocTH 3amaHa HekoTopas cucteMa koopauHat OXY u B

HCHU IIOACYMTAHbl MOMCHTBLI MHCPIHH (le"ypI)I IX’ Iy, Ixy, TO yIoj 050 MCIKIAY

ATOM CUCTEMOM KOOPAWHAT U TJIABHBIMHU OCSIMH BBIUHCIIICTCS 110 hopMyJIe:

2-1
t9(2-a))=—">- (IV.8)

-1,

Kakue nmeHnHo OKCTPCMAJIBHBIC 3HAYCHUS IIPUHUMAIOT MOMCHTEI HHCPIIU B

TJIaBHBIX OCSX, MOXKHO ONpeJenuTh, BeluncauB &, u3 (IV.8) u noxcrasus ero B

(IV.7):

X y X y 2
mﬁ)‘( —Ti‘ T + Ixy (|V.9)




MoMEeHTbl UHepLUUMN

npoctenwux burvp

1) Ilpsimoyeonvrux:

v, . 3 2
i L =[y-dA=| [y dx-dy=
- > .
I g 272
« < xk X 3 2 ; ; 2
jh jb y jhy y
2 2 2
3D 3 3 3
2
b N (Dj +(Dj _b-h
3(n 3|\2 2

2) Tpeyeonvhux:

bes BeIBONIA:

X3 | b-h?
/\ X3 4
= C Ao
&l o
= X, Ix =
‘ 236
’ b-h?
| =——
12
3) Kpye:
Y z-D*
/ \ I, = 3 OBLJIO BEIBEIEHO PAHEE;
I =1 .D*
3 £ =Y | =1 =1 %D




4) Kpye c svipesom.

oD

g
¢

od

4) Konvyo:

4 4
| 7-D . 1—(ij —  OBLIO BBIBEJICHO
P 32 D

paHee;

3
m-dy -0
I 0 = 1 OBLIIO BBIBEJICHO PaHEE;
3
z-d; -0
| =1 :E.| = P
XTIy T o P

|, ~0,00686-D*



[Tpumeuanue:
VY ¢uryp, umeromux Tpu u 601€€ 0OCU CUMMETPHH, JII00as [IEHTpalIbHAas OCh

SBJISIETCSI TJIABHOM IIEHTPAJIbHOM, a OCEBbIE MOMEHTBI MHEPIIMHU PAaBHBI APYT IPYTY.

X
& X5 KBanpar:
X ool =1 o1 =2
. ~+—2C >3 X, X, X, X: " 19
\X) Ocu Xy, X3, X3 ¥ X4 — TJIaBHBIC [IECHTPaJIbHBIC.
4
/




[Ipumep BeIUMCIEHUS MOMEHTA MHEPLIMK COCTABHOM (DUTYpHI:

Y
Ja
a
- ac X
a
2 crocooa:

Pazboums cnoorcnyro gpueypy na

npocmole U Cymmuposamovp Ux MOMEHNbL

unepyuu:
%
3aT -
afl ol - i X
a Ay,’{ :“““‘?‘ ‘‘‘‘‘‘ ;
RO =/ X
Lo} X
Aym{ :F______Z.;{""“‘--i 1 HXH[
L Lo |
|
=1, +A"-(4y,) =
3
IS WP L
12
i _ 2 a’ _a'
" 12 12
39
1Mo AN (A 2:_a4
X Xq ( ylll) 12
| I m
l.=0L +1, +1," =
:ga4 i 4+§a4=7—9a4
12 12 12 12

U3 momenma unepyuu cniownou

@uzypwi 8bluecmv MOMeHMbl UHEPYUL

8blpe306.
y
N Sa_ .
| a o |
T e By
L X Xy X
y _3-a (3.a)3:g .
" 12 12
X § 2 12
I _II_III_IIII
Bl 1, 1, 79,
12 12 12 12



